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BIAXIAL NEMATIC LIQUID CRYSTALS - FLOW PROPER-
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OF ELECTRIC AND MAGNETIC FIELDS
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ABSTRACT The stress tensor for the biaxial nematic phase is given in such a form that it is
easily seen that the dynamic theory of this phase can be formulated as a natural generalization
of the Leslie-Ericksen theory of uniaxial nematics. With the biaxial nematic stress tensor as a
starting point we introduce the concept of viscous torques and discuss the qualitative natre of
the flow properties of the system, showing that three rotational viscosities and nine effective
shearing viscosities have to be defined in order to characterize the viscous behaviour of the biax-
ial nematic phase completely. We also discuss the behaviour of a biaxial nematic liquid crystal
in the presence of electric and magnetic fields and show that in some cases the system can
develop bistability if certain conditions for the magnitudes of the electric and magnetic fields are
fulfilled.

Keywords: biaxial nematic, liquid crystal, flow alignment, rotational viscosity, hydro-
dynamics, rheology, bistability, electro-magnetic properities

I INTRODUCTION

The biaxial nematic liquid crystalline phase has recently been reported to exist in lyotropic' as
well as in thermotropic®® systems. In order to present a simple microscopic picture of this
phase, Figure 1 compares the uniaxial nematic and the biaxial nematic phases. The microscopic
picture one most often makes of a uniaxial nematic is a rotationally symmetric ellipsoid, the
orientational order of which is described by a unit vector A, commonly denoted the director
(c.f. Figure 1a). When studying a biaxial nematic the biaxiality of the system can be thought of
as a breaking of the rotational symmetry of the ellipsoid around A, and instead of studying a
system of rotationally symmetric rods one can imagine a system consisting of plates with sides
of lengths a, b and c for which we assume a >> b >> c. The desciption of such a system
requires two directors. Thus we introduce fi, the "long director” corresponding to the director
of the uniaxial nematic and mh, the "transverse director” describing the rotation of the biaxial
plate around the long director (c.f, Figure 1b).

During the ten years which have passed since the biaxial nematic phase was discovered' a
number of approaches to the description of the rheological properties of this system have been
presented*®. Even if it is not always done in this way, it is always possible to express such a
theory as a generalization of the corresponding theory of the uniaxial nematic phase. In this
paper, however, we show how to write down the equations governing the flow behaviour of
biaxial nematics in such a way® that it is easily seen how the dynamic theory of this phase can
be formulated as a generalization of the Leslie-Ericksen theory’ of uniaxial nematics. With this
formulation as a starting point, and neglecting elasticity, we then discuss some qualitative
features of the flow behaviour of the biaxial nematic phase. A brief summary of the behaviour
of biaxial nematics in the presence of two perpendicular electric and magnetic fields is also
given, and it is shown that under certain circumstances this system can develop bistability’.
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FIGURE 1 Comparison between a rod-like uniaxial nematic (a) and a rod-like biaxial nematic (b).

I THE BIAXJAL NEMATIC STRESS TENSOR

The equations goveming the flow behaviour of a biaxial nematic liquid crystal have been
derived and discussed by us in detail elsewhere?, and below we simply give a brief summary
of these, omitting the elastic terms which need not concem us here. In this theory the two
basic equations are these representing the conservation of momentum and angular momentum,
respectively,

p‘.’; = pF; + Lijj» pr + Eptyy = 0, (Il.l)

where in the second of these equations we have neglected director inertia. Thus this equation
can be interpreted as a balance of torque equation, in which the two terms correspond to the
torque exerted on the director due to external fields and to the viscous torque, respectively.
Introducing

1 1 . .
D,-]-=-5(v,-‘,-+v,-_,~), ij=?(vi.i.-vj.i)’ N,-=n,~—W,-kn,, M,~=m,--W,~¢m,,, (11.2)

where D;; is the strain rate tensor, W; the vorticity tensor and N; and M; represent the rate of
change of the directors with respect to the moving fluid, we can write the biaxial nematic stress
tensor as®

tj = uDymnynin; + 0N nj + agNjn; + auDy; + asDamn; + agDpmn;
+ BiDymmym;m; + BoM;my + BaM;my; + BsDymym; + BDymym;
+ Npym, Qumin; + pon;m;) + Digem, (ym;m; + pamim;) — p8;; {i.3)

In Eq.(IL.3) we have introduced fifteen viscosity coefficients into the dynamic theory of biaxial
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nematics. These are related® by three Onsager relations
B+os=0-0 , PB+Py=Pe—PBs ., WFr=-m, (I1.4)

and thus altogether twelve linearly independent viscosity coefficients are needed in order to
describe the system completely. This is the same number as was given by Saupe in his deriva-
tion* of the biaxial nematic stress tensor.

The form of the stress tensor given by Eq.(I1.3) is easily interpreted in the light of Fig-
ure 1. The six o-terms, which are the ones acting on the long director correspond exactly to
the Leslie stress tensor® of uniaxial nematics. The five B;-terms have the same structure as the
five anisotropic o;-terms, only fi is replaced by 1h and thus these terms are acting on the
transverse director. Finally there are four p;-terms which reflect coupling effects between the
long and the transverse directors. These terms do not have any counterpart in the Leslie-
Ericksen theory of uniaxial nematics.

I THE ROTATIONAL VISCOSITIES

The viscous torque I'" = € #; is most conveniently divided into two parts: the shearing
torque I which is the torque acting on the directors due to velocity gradients and the rota-
tional torque I which appears if fi 0 or 1h = 0. Being interested in the rotational torque, we
can write this as ] = €;;.ty; where t{; is the rotational part of the stress tensor

t = opfign; + agh;m + Baium; + Bamymy + A,m, Lumen; + o m;) (I1L.1)

Introducing the Euler angles to describe the biaxial plate, i.e. a spherical polar coordinate sys-
tem (0,4) to describe the long director fi and an angle y describing the rotation of the
transverse director h around the long director (c.f. Figure 3), we derive® the following expres-
sion for the rotational torque

I7 =~ (Bs— B (bcosd + )
I'§ = (03 — 0,) $sind + (B3 — By + 1z — ) (sind cos?y — O siny cosy)
T§=— (05— @) 0 — (B3~ By + Hp — ) (Bsin’y - dsinB siny cosy) . (I.2)

From Eqgs.(1I1.2) one can define three rotational viscosities of the biaxial nematic phase as
Tw=03-02>0, Yu=B3-P2>0, Ya=03-0+Py3-Po+ly~p>0. (Im.3)

Each of these rotational viscosities is related to the rotation of the biaxial plate around one of
its three principal axes as is pictured in Figure 2 and must always be positive by thermo-
dynamic considerations®,



Downloaded by [Tomsk State University of Control Systems and Radio] at 15:01 18 February 2013

192 T. CARLSSON, F.M. LESLIE AND J.§. LAVERTY

/ @) ®) © /

Ya % L™

FIGURE 2 Definition of the three rotational viscositics of the biaxial nematic phase.

IV THE SHEARING TORQUE AND THE FLOW ALIGNMENT ANGLES

In this section we study the behaviour of the biaxial nematic system when subjected to
shear flow. Confining the liquid crystal between two glass plates, both parallel to the xy-plane,
and moving the upper one in the x-direction with the velocity v,, the coordinates describing
the system are defined in Figure 3. The directors are described by the Euler angles (0,4,y) as
discussed in the previous section, 0 = O corresponding to the long director pointing in the z-
direction. Neglecting the possibility of transverse flow (this assumption is justified in reference
8), a shear v" = dv,/dz will be induced in the fluid. From Eqs.(I1.1) - (I1.3) the spherical polar
components of the shearing torque I'” = €ty can be calculated® to be

T = v’[Bs(sind sing cos?y + sinB cosO cose siny cosy) + B,(sinG cosd cose siny cosy — sind sing siny))
I'§ = v'[- 0,080 sind — Psin®0 cosd siny cosy + Ba(cosd sing cos®y + cos?0 cosd siny cosy)

— p,co80 sing cosPy + cosd simy cosy (,sin*d — ycos%6)]
T} = v'[(055in%0 — 0,c05%0) cosd — B,sin’0 cos¢ sin’y + B3(cos sin siny cosy + cos?0 cosd sin’y)

— |L;c080 sind siny cosy + cosd sin?y (Hzsin’0 — pycos’)] av.n
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FIGURE 3 Definition of the coordinates describing the biaxial plate in the shear flow setup.
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FIGURE 4 Equilibrium orientations of the biaxial plate in shear flow.

Depending on the values of the viscosity coefficients, the shearing torque will vanish for
six, four, two or no different orientations of the biaxial plate, all occuring in pairs, leading to
the possibility of flow alignment. The six possible orientations, and the corresponding values of
the coordinates describing the biaxial plate, are shown in Figure 4. We have introduced a nota-
tion, also shown in the figure, of these six orientations in such a way that the first letter indi-
cates whether the long director is confined within th¢ shearing plane, pointing in the forward
(F) or backward (B) direction, or if it is pointing in the y-direction (P). In the same manner the
second letter is defined by the orientation of the transverse director. The analysis of the stabil-
ity of the six equilibrium angles is rather involved and is discussed by us elsewhere?®.

V THE EFFECTIVE VISCOSITIES

When shearing the system as shown in Figure 3 one has to apply a force T per unit area to the
moving plate in order to maintain its constant velocity v, . If we have oriented the two directors
homogeneously throughout the whole sample, by the means of applying some external fields,
the shear rate v* will be uniform in space, and we can define an effective viscosity 1;; accord-
ing to M;; = Wv’, where the indices refer to the particular configuration studied. Asuming a
velocity profile v =v(z)R, the first of Eqs.(IL.1) reduces 10 1, , = 0 in the steady state, and
can be integrated to read &, =T. Thus we can introduce a viscosity function g (n;,m;) = v’
which is calculated from Eq.(11.3),

1
5{24:1»:,». on? + ognt + 0 + osn? + ogn? + 2BimIm? ~ Bym? + Bam? + Bsm? + Bem?

+ Ky (name— nom) nym+ Yo (mymy— mymy) nomy + pa (Ramy+ mym) ngme+ Wy (Aeme+ nymy ) n,m, ]
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FIGURE 5 The nine linearly independent effective viscosities of biaxial nematics.

In Figure 5 we show the nine different orientations of the biaxial plate which are used to
define nine linearly independent effective viscosities. We also introduce a specific notation for
these effective viscosities and show how to express them in terms of the fifteen viscosity
coefficients introduced by the stress tensor (I1.3). As the flow must always be in the same
direction as the driving force, we conclude that each of the effective viscosities must be posi-
tive. Thus we have shown how the twelve independent viscosity coefficients introduced by the
stress tensor can be determined experimentally by the measurement of three rotational viscosi-
ties and nine effective shearing viscosities.

VI INTERACTION WITH ELECTRIC AND MAGNETIC FIELDS - EVIDENCE OF
BISTABILITY

In this section we discuss the orientational effects which the application of two perpendicu-
lar electric and magnetic fields will impose on the two directors of the system. In order to
describe the diclectric and magnetic properties of the medium we have to introduce three
dielectric permittivities (€, ,&,,&;) and three magnetic susceptibilities (X, X X;). One for each
principal axis of the biaxial plate, employing the notation 1 for the third principal axis defined
by T=1fix h. The corresponding diclectric and magnetic anisotropies are €; = ¢; — g; and
%ij =% — ¥;j- Furthermore it is convenient 1o introduce a notation which incorporates the
coupling constants of the fields into the susceptibilities,

t =eB%;, B =ef%;, %=W'Bh, % =w'B; . (VL1)



Downloaded by [Tomsk State University of Control Systems and Radio] at 15:01 18 February 2013

FLOW PROPERTIES OF BIAXIAL NEMATIC LIQUID CRYSTALS 195

/s
= e

>0 & > Xy X>0 >0, &> Xans Xou >0
/s s/
z Y, ' B £

I/, g"‘ l__.E ﬁ"‘ /
R0 > Ay Hy 20 % >0 60> Xogs X >0
/s s,/
2 y m n B m
AT
% >0 0> X %> 0 120 & > o s Ke?0

FIGURE 6 The six equilibrium configurations of biaxial nematics in the presence of two per-
pendicular electric and magnetic fields. The conditions for each of the solutions to be stable are
also displayed in the figure,

Assuming that the fields are given by E = ER and B = B 2, respectively, the Cartesian com-
ponents of the electro-magnetic torque are given by’

T = Xuttyhe + Yoy my
rylﬂ == Z-z"x”: - Zmlmx”‘; + tnlnx”l + tmlmx'ux

T¥=-Eunny ~Bymym, (V1.2)

From Egs.(V1.2) we immediately see that all configurations for which two of the three vectors
fi, th and | are parallel to the fields will be possible equilibrium configurations of the system.
In Figure 6 we show these solutions and also give the appropriate conditions, which can be
derived’ from Eqs.(V1.2), for each of these to be stable. It is helpful to introduce a notation for
the six solutions in the following way. The solution Sy corresponds to that for which the i-
director points in the direction of the electric field and the j-director is in the direction of the
magnetic field. Thus the solution for which fi = £ and th = 2 is denoted S, and so on. This
notation is shown in Figure 6.

The interpretation of the stability conditions given in Figure 6 is not entirely straightfor-
ward. It turns out’ that we have to divide the biaxial nematic compounds into three different
classes, depending on how the magnitudes of €; and y; are mutually ordered. The compounds
belonging to each class will exhibit a different qualitative behaviour in the presence of the
fields. In order to classify a specific compound we will introduce a state vector Wi in the fol-
lowing way. The three upper indices of y refer to the ordering of the magnitudes of the dielec-
tric pemittivities, while the three lower indices refer to the ordering of the magnitudes of the
magnetic susceptibilities. Thus the state vector . is used to describe a compound for which
g > € > €& and X, > ¥, > X, There are altogether thirtysix different state vectors and below
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we introduce a classification of these, also giving an account of how the corresponding com-
pounds will order in the presence of the fields.

TYPE A: The twentyfour state vectors for which the axis with the largest diclectric permit-
tivity does not coincide with the axis with the largest magnetic susceptibility, i.e. the state vec-
tors of the type Y% where i # p. Compounds belonging to this type will always adopt the
solution Sy, irrespective of the magnitudes of the applied fields.

TYPE B: The six state vectors for which the ordering of the three dielectric permittivities is
the same as that of the three magnetic susceptibilities, i.e. the state vectors of the type \y,‘}f
Compounds belonging to this type will adopt the solution Sy if the electric field is dominating
(e0€;;E? > ug'y;;B?) while the solution Sy is adopted if the inequality given above is reversed.
TYPE C: The six state vectors for which the axis with the largest dielectric permittivity coin-
cides with the axis with the largest magnetic susceptibility but for which the ordering of the
two remaining dielectric permittivities is opposite to that of the magnetic susceptibilities, i.e.
the state vectors of the type w,‘[," Compounds belonging to this type will adopt the solution Sy
if the electric field is dominating (g€;E* > pg'%; B, while it will adopt the solution Sy if
the magnetic field is dominating (iyly,B® > o€y E?). For intermediate field strengths
(1o"B? Yy fen < €gB? < pg'B2y;;/e;) it mms out” that both the solutions Sy, and Sy are stable
and thus the system for these values of the field strengths exhibits bistability.

From the above discussion it is clear that some caution has to be taken when trying to
orient a biaxial nematic sample by the means of electric and magnetic fields, because depend-
ing upon which type the compound belongs to, different orientations will be achieved. Espe-
cially, when dealing with a compound belonging to TYPE C, we will find that for intermediate
field strengths, the final orientation obtained depends upon the configuration of the system prior
to the application of the fields as well as upon the order in which the fields are tumned on. A
general treatment of the behaviour of biaxial nematics in the presence of electric and magnetic
fields and of the classification scheme introduced above has been given by us elsewhere’.
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